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Abstract
We analyze the construction of a sequence space Θ˜, resp. a se-
quence of sequence spaces, in order to have {gi}
∞
i=1
as a Θ˜-frame or
Banach frame for a Banach space X , resp. pre-F -frame or F -frame
for a Fre´chet space XF = ∩s∈N0Xs, where {Xs}s∈N0 is a sequence of
Banach spaces.
1 Introduction
This paper is closely connected to [24] and we refer to [24] for the back-
ground material. In order to keep the information about the sources for our
investigations, we quote the same literature as in [24].
Let X be a Banach space (resp. {Xs}s∈N0 be a sequence of Banach
spaces), Θ be a BK-space and {gi}
∞
i=1 be a Θ-Bessel sequence for X (resp.
for X0). We have investigated in [24] constructions of a CB-space Θ˜ (resp.
a sequence {Θs}s∈N0 of CB-spaces), so that given Θ-Bessel sequence {gi}
∞
i=1
is a Θ˜-frame or Banach frame for X with respect to Θ˜ (resp. pre-F -frame
or F -frame for XF = ∩s∈N0Xs with respect to ΘF = ∩s∈N0Θs).
In this paper we observe that one can actually start with a sequence
{gi}
∞
i=1, without considering a sequence space Θ and without the assumption
for {gi}
∞
i=1 to be a Θ-Bessel sequence. Our motivation comes from some
sequences {gi}
∞
i=1 which are not Bessel sequences (and thus [24, Theorem
4.6] do not apply to them) but they give rise to series expansions (see {g1i }
∞
i=1
and {g2i }
∞
i=1 in Example 1.1).
∗This research was supported by the Ministry of Science of Serbia, Project 144016
†This research was supported by DAAD.
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Let {gi}
∞
i=1 ∈ (X
∗)N be given and let there exist {fi}
∞
i=1 ∈ X
N \{0} such
that the following series expansion in X holds
f =
∞∑
i=1
gi(f)fi, f ∈ X. (1)
Validity of (1) does not imply that {gi}
∞
i=1 is a Banach frame for X with
respect to the given sequence space in advance, as one can see in the following
examples.
Example 1.1 Let {ei}
∞
i=1 be an orthonormal basis for the Hilbert space H.
Consider the sequences
1. {g1i }
∞
i=1 := {e1, e1, 2e2, 3e3, 4e4, . . .},
2. {g2i }
∞
i=1 := {e1, e2, e1, e3, e1, e4, e1, e5, . . .}.
Clearly, none of these sequences is a Hilbert frame for H, i.e. none of
these sequences is a Banach frame for H with respect to ℓ2. However, series
expansions in H in the form (1) exist via the sequences
1. {f1i }
∞
i=1 := {e1, 0,
1
2e2,
1
3e3,
1
4e4, . . .},
2. {f2i }
∞
i=1 := {e1, e2, 0, e3, 0, e4, 0, e5, . . .},
respectively.
Validity of (1) implies that {gi}
∞
i=1 is a Banach frame for X with respect to
the CB-space Θf , defined by
Θf := {{ci}
∞
i=1 :
∞∑
i=1
cifi converges in X},
‖{ci}
∞
i=1‖Θf := sup
n
‖
n∑
i=1
cifi‖X ,
see [6]. Therefore, the sequences {g1i }
∞
i=1 and {g
2
i }
∞
i=1 from Example 1.1 are
Banach frames for H with respect to the corresponding sequence spaces Θf1 ,
Θf2 , respectively. The definition of the space Θf involves the use of {fi}
∞
i=1.
Our aim in this paper is to find properties on {gi}
∞
i=1 so that the se-
quence space Θ˜, which will be investigated below (see (12)), is a CB-space
and {gi}
∞
i=1 is a Banach frame for X with respect to Θ˜. In assertions (3.1)-
(5.3), we determine such properties on {gi}
∞
i=1. It is not completely answered
yet whether in general the expansion property (1) with {gi}
∞
i=1 and corre-
sponding {fi}
∞
i=1 implies that Θ˜ is CB and that {gi}
∞
i=1 is a Banach frame
for X with respect to Θ˜.
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Now we will describe the results of the present paper. In Theorem 3.1
we construct Θ˜ such that {gi}
∞
i=1 is a Θ˜-Bessel sequence for X. Actually,
in Theorem 3.1 we consider several conditions (A1)-(A3) in order to char-
acterize Θ˜-Bessel sequence for X or Banach frame for X with respect to
Θ˜. Further on, we construct a class of Banach frames and pre-F -frames
started with a Hilbert space and its orthonormal basis. Proposition 4.1
deals with possible designs of a Banach frame which shows that conditions
(A1)-(A3) are intrinsically related to our construction of Θ˜. Theorem 5.1
and Corollary 5.2 deal with the construction of sequence spaces Θs (as Θ˜,
but with Xs, s ∈ N0) so that one obtains a pre-F -frame or F -frame for
XF = ∩s∈N0Xs. Proposition 5.3 deals with a sequence of Hilbert spaces
and a sequence {gi}
∞
i=1 designed similarly as in Proposition 4.1, in order to
analyze conditions (As1)-(A
s
3) and the sequence spaces Θs, s ∈ N0, so that
{gi}
∞
i=1 is a pre-F -frame or F -frame for XF .
2 Pre-F - and F -frames
We will use notation and notions as in [24]. (X, ‖ · ‖) is a Banach space and
(X∗, ‖·‖∗) is its dual, (Θ, ‖|·‖|) is a Banach sequence space and (Θ∗, ‖|·‖|∗) is
the dual of Θ. Recall that Θ is called solid if the conditions {ci}
∞
i=1 ∈ Θ and
|di| ≤ |ci|, i∈N, imply that {di}
∞
i=1 ∈ Θ and ‖|{di}
∞
i=1‖| ≤ ‖|{ci}
∞
i=1‖|. If the
coordinate functionals on Θ are continuous, then Θ is called a BK-space. A
BK-space, for which the canonical vectors form a Schauder basis, is called
a CB-space.
Let {Ys, | · |s}s∈N0 be a sequence of separable Banach spaces such that
{0} 6= ∩s∈N0Ys ⊆ . . . ⊆ Y2 ⊆ Y1 ⊆ Y0 (2)
| · |0 ≤ | · |1 ≤ | · |2 ≤ . . . (3)
YF := ∩s∈N0Ys is dense in Ys, for every s ∈ N0. (4)
Then YF is a Fre´chet space with the sequence of norms | · |s, s ∈ N0. We
use the above sequences in two cases:
1. Ys = Xs with norm ‖ · ‖s, s ∈ N0;
2. Ys = Θs with norm ‖|·‖|s, s ∈ N0.
Let {Xs, ‖ · ‖s}s∈N0 and {Θs, ‖|·‖|s}s∈N0 be sequences of Banach spaces,
which satisfy (2)-(4). For fixed s ∈ N0, an operator V : ΘF → XF is
called s-bounded, if there exists a constant Ks > 0 such that ‖V {ci}
∞
i=1‖s ≤
Ks‖|{ci}
∞
i=1‖|s for all {ci}
∞
i=1∈ΘF . If V is s-bounded for every s∈N0, then
V is called F -bounded.
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Definition 2.1 Let {Xs, ‖ · ‖s}s∈N0 be a sequence of Banach spaces which
satisfies (2)-(4), and let {Θs, ‖|·‖|s}s∈N0 be a sequence of BK-spaces which
satisfies (2)-(4). A sequence {gi}
∞
i=1∈(X
∗
F )
N is called a pre-F -frame for XF
with respect to ΘF if for every s ∈ N0 there exist constants 0 < As ≤ Bs <∞
such that
{gi(f)}
∞
i=1 ∈ ΘF , f∈XF , (5)
As‖f‖s ≤ ‖|{gi(f)}
∞
i=1‖|s ≤ Bs‖f‖s, f∈XF . (6)
The constants Bs (resp. As), s ∈ N0, are called upper (resp. lower) bounds
for {gi}
∞
i=1. The pre-F -frame is called tight, if As = Bs, s∈N0.
Moreover, if there exists an F -bounded operator V : ΘF → XF so that
V ({gi(f)}
∞
i=1) = f for all f∈XF , then a pre-F -frame {gi}
∞
i=1 is called an F -
frame (Fre´chet frame) for XF with respect to ΘF and V is called an F -frame
operator for {gi}
∞
i=1.
When (5) and at least the upper inequality in (6) hold, then {gi}
∞
i=1 is
called an F -Bessel sequence for XF with respect to ΘF with bounds Bs,
s∈N0.
Theorem 2.2 [24] Let Θ 6= {0} be a solid BK-space, X 6= {0} be a reflexive
Banach space and {gi}
∞
i=1∈(X
∗)N be a Θ-Bessel sequence for X with bound
B ≤ 1 such that 0 < ‖gi‖ ≤ 1, i∈N. For every c = {ci}
∞
i=1∈Θ, denote
M c := {f ∈ X : |ci| ≤ |gi(f)|, i ∈ N} (7)
and define
Θ˜ := {c ∈ Θ : M c 6= ∅} , ‖|c‖|eΘ := inf {‖f‖ : f ∈M
c} . (8)
Consider the conditions:
(A1) : (∀ c ∈ Θ˜) (∀ d ∈ Θ˜) (∀ f ∈M
c) (∀h ∈Md)⇒
(∃ r ∈M c+d) (‖r‖ ≤ ‖f‖+ ‖h‖).
(A2) : (∀c ∈ Θ˜) (∀ ε > 0) (∃ k ∈ N) (∃ f ∈M
c(k)) (‖f‖ < ε).
Assume that (A1) is valid. Then the following holds.
(a) Θ˜ is a solid BK-space with ‖|·‖|Θ ≤ ‖|·‖|eΘ and {gi}
∞
i=1 is a Θ˜-Bessel
sequence for X with bound B˜ = 1.
(b) If {gi}
∞
i=1 is a Θ-frame for X, then {gi}
∞
i=1 is a Θ˜-frame for X.
(c) If {gi}
∞
i=1 is a Banach frame for X with respect to Θ, then {gi}
∞
i=1 is
a Banach frame for X with respect to Θ˜.
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(d) Θ˜ is a CB-space if and only if (A2) holds.
Theorem 2.3 [24] Let Θ 6= {0} be a solid BK-space and {Xs}s∈N0 be a
sequence of reflexive Banach spaces which satisfies (2)-(4). Let {gi}
∞
i=1 ∈
(X∗0 )
N be a Θ-Bessel sequence for X0 with bound B ≤ 1 such that 0 <
‖gi‖ ≤ 1, i∈N. For every s∈N0 and every c = {ci}
∞
i=1∈Θ, denote
M cs := {f ∈ Xs : |ci| ≤ |gi(f)|, i ∈ N} (9)
and define
Θs := {c ∈ Θ : M
c
s 6= ∅} , ‖|c‖|s := inf {‖f‖s : f ∈M
c
s} . (10)
Consider the following conditions:
(As1) : (∀c ∈ Θs) (∀d ∈ Θs) (∀f ∈M
c
s ) (∀h ∈M
d
s ) ⇒
(∃ r ∈M c+ds ) (‖r‖s ≤ ‖f‖s + ‖h‖s).
(As2) : (∀c∈Θs) (∀ ε > 0) (∃ k∈N) (∃ f∈M
c(k)
s ) (‖f‖s < ε).
(As3) : There exists As ∈ (0, 1] such that for every f ∈ Xs one has
f˜ ∈M
{gi(f)}∞i=1
s ⇒ As‖f‖s ≤ ‖f˜‖s. (11)
Assume that (As1) holds for every s ∈ N0. Then the following holds.
(P1) {Θs}s∈N0 is a sequence of solid BK-spaces with the properties (2)-(3)
such that {gi|Xs}
∞
i=1 is a Θs-Bessel sequence for Xs with bound Bs = 1,
s∈N0.
(P2) For any s ∈ N, {gi|Xs}
∞
i=1 is a Θs-frame for Xs if and only if (A
s
3)
holds. If (As3) holds with As = 1, then {gi|Xs} is a tight Θs-frame for
Xs.
(P3) For any s∈N, Θs is a CB-space if and only if (A
s
2) holds.
3 Construction of a sequence space
We construct a sequence space Θ˜ and through the properties (A1)-(A3) we
analyze frame-properties of a given sequence {gi}
∞
i=1 and given X.
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Theorem 3.1 Let (X, ‖·‖) 6= {0} be a reflexive Banach space and {gi}
∞
i=1∈
(X∗)N \ {0}. For every scalar sequence c = {ci}
∞
i=1, let M
c be given by (7)
and define
Θ˜ := {c = {ci}
∞
i=1 : M
c 6= ∅} , ‖|c‖|eΘ := inf {‖f‖ : f ∈M
c} . (12)
Consider conditions (A1), (A2) and
(A3) : there exists A ∈ (0, 1] such that for every f ∈ X one has
f˜ ∈M{gi(f)}
∞
i=1 ⇒ A‖f‖ ≤ ‖f˜‖.
Assume that (A1) is fulfilled. Then the following holds.
(a) Θ˜ is a solid BK-space and {gi}
∞
i=1 is a Θ˜-Bessel sequence for X with
bound B˜ = 1.
(b) {gi}
∞
i=1 is a Θ˜-frame for X if and only if (A3) holds if and only if
there exists a solid BK-space Θ ⊇ Θ˜ such that {gi}
∞
i=1 is a Θ-frame for X.
(c) {gi}
∞
i=1 is a Banach frame for X with respect to Θ˜ if and only if there
exists a solid BK-space Θ ⊇ Θ˜ such that {gi}
∞
i=1 is a Banach frame for X
with respect to Θ.
(d) Θ˜ is a CB-space if and only if (A2) holds.
Proof. (a) In the same way as in [24, Theorem 4.6], using (A1) it follows
that Θ˜ is a linear space and ‖|·‖|eΘ is a norm, only the proof that ‖|c‖|eΘ = 0
implies ci = 0, i∈N, is different. Let ‖|c‖|eΘ = 0. Fix i ∈ N. For every ε > 0,
there exists fε ∈ M
c such that ‖fε‖ < ε/‖gi‖ and hence |ci| ≤ |gi(fε)| < ε
which implies that ci = 0.
For solidity-property, let c = {ci}
∞
i=1 ∈ Θ˜ and d = {di}
∞
i=1 be such that
|di| ≤ |ci|, i∈ N. Since M
d ⊇ M c 6= ∅, it follows that {di}
∞
i=1 ∈ Θ˜ and
‖|d‖|eΘ ≤ ‖|c‖|eΘ.
For the completeness of Θ˜, first note that the i-th coordinate functional
on Θ˜ is continuous. Indeed, fix i ∈ N. If c = {cj}
∞
j=1 ∈ Θ˜, then for every
f ∈M c we have |ci| ≤ |gi(f)| ≤ ‖gi‖‖f‖ and hence
|ci| ≤ ‖gi‖ inf {‖f‖ : f ∈M
c} = ‖gi‖‖|c‖|eΘ. (13)
Let now cν = {cνi }
∞
i=1, ν ∈ N, be a Cauchy sequence in Θ˜. Fix arbitrary
ε > 0. There exists ν0(ε) such that for every µ, ν ∈ N, µ ≥ ν0, ν ≥ ν0, there
exists fµ,ν ∈ X, such that
‖fµ,ν‖ < ε and |cµi − c
ν
i | ≤ |gi(f
µ,ν)|, i ∈ N.
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By (13), for every i ∈ N the sequence cνi , ν∈N, is a Cauchy sequence in R and
hence it converges to some number ci when ν → ∞. Denote c := {ci}
∞
i=1.
Fix ν ≥ ν0. Now, in the same way as in [24, Theorem 4.6], there exists
F ν ∈M c−c
ν
with ‖F ν‖ ≤ ε, which implies that c ∈ Θ˜ and
‖|{ci − c
ν
i }
∞
i=1‖|eΘ ≤ ‖F
ν‖ ≤ ε, ν ≥ ν0.
For the sake of completeness we add brief sketch of the arguments. Since
‖fµ,ν‖ < ε for every µ ≥ ν0, there exists a convergent subsequence {‖f
µk ,ν‖}∞k=1;
denote its limit by aν . Since X is reflexive and the sequence {fµk,ν}∞k=1 is
norm-bounded, by [1, Corollary 1.6.4] there exists a subsequence {fµkn ,ν}∞n=1
which converges weakly to some element F ν∈X. Therefore,
‖F ν‖ ≤ lim inf ‖fµkn ,ν‖ = lim
n→∞
‖fµkn ,ν‖ = aν ≤ ε.
Now, for every i∈N, |ci − c
ν
i | ≤ |gi(F
ν)|. Thus, F ν belongs to M c−c
ν
. This
concludes the proof that Θ˜ is complete.
The Θ˜-Bessel property of {gi}
∞
i=1 is clear by (12).
(b)-(c) For the first equivalence in (b), assume that (A3) holds. In this
case we have
A‖f‖ ≤ inf{‖f˜‖ : f˜ ∈M{gi(f)}
∞
i=1} = ‖|{gi(f)}‖|eΘ, ∀f ∈ X,
and hence, by (a), {gi}
∞
i=1 is a Θ˜-frame for X.
Conversely, assume that {gi}
∞
i=1 is a Θ˜-frame for X with lower bound
A ∈ (0, 1]. In this case for every f ∈ X we have
A‖f‖ ≤ ‖|{gi(f)}‖|eΘ ≤ ‖f˜‖, ∀f˜ ∈M
{gi(f)}∞i=1 .
For the second equivalence in (b) and for (c), one of the directions is
obvious, take Θ ≡ Θ˜. For the other direction, assume that Θ is a solid BK-
space such that Θ ⊇ Θ˜ and {gi}
∞
i=1 is a Θ-frame for Θ with upper bound B.
Let c ∈ Θ. For every f ∈ M c, the solidity of Θ implies that ‖|{ci}
∞
i=1‖|Θ ≤
‖|{gi(f)}
∞
i=1‖|Θ ≤ B‖f‖. Therefore ‖|{ci}
∞
i=1‖|Θ ≤ B‖|{ci}
∞
i=1‖|eΘ. The rest
is similar to the proof of [24, Theorem 4.6 (b)(c)], but for the sake of com-
pleteness we add a proof here. Let A denote a lower Θ-frame bound for
the Θ-frame {gi}
∞
i=1. Then clearly, A‖f‖ ≤ B‖|{gi(f)}
∞
i=1‖|eΘ, f ∈ X. This
implies that {gi}
∞
i=1 satisfies the lower Θ˜-frame inequality.
Assume now that {gi}
∞
i=1 is a Banach frame for X and let V : Θ →
X denote a bounded operator such that V ({gi(f)}
∞
i=1) = f , f ∈ X. For
7
every c ∈ Θ˜, ‖V c‖ ≤ ‖V ‖ ‖|c‖|Θ ≤ B ‖V ‖ ‖|c‖|eΘ, which implies that V |eΘ is
bounded on Θ˜. This completes the proof.
(d) We use the same arguments as in [24, Theorem 4.6], but for the sake
of completeness we add sketch of the proof. First note that for any i∈N,
gi is not the null functional and hence the i-th canonical vector belongs to
Θ˜. Let (A2) hold. Fix c ∈ Θ˜ and ε > 0. There exists k ∈ N such that
‖|c(k)‖|eΘ < ε. Therefore ‖|c
(n)‖|eΘ ≤ ‖|c
(k)‖|eΘ < ε for every n ≥ k, which
implies that
∑n
i=1 ciei → c in Θ˜ as n→∞. The converse is trivial. ✷
4 Class of Θ˜-frames
In this section we will consider a class of Θ˜-frames. Actually, we generalize
[24, Proposition 4.7], in which the sequence {gi}
∞
i=1 was given by g1 = e1,
gi = ei−1, i ∈ N, i > 1, where {ei}
∞
i=1 denoted an orthonormal basis. Now
we consider the case, when every ei, i ∈ N, can be repeted ki-times.
We will use the following notation related to a sequence c = {ci}
∞
i=1:
c(n) := {0, . . . , 0︸ ︷︷ ︸
n
, cn+1, cn+2, cn+3, . . .} = c−
n∑
i=1
ciei, n ∈ N,
c
(n)
i := the i-th coordinate of c
(n), i ∈ N.
Proposition 4.1 Let (X, 〈·, ·〉) be a Hilbert space, {ei}
∞
i=1 be an orthonor-
mal basis for X and Θ = ℓ2. Let {gi}
∞
i=1∈(X
∗)N be defined by
gi(f) := ti〈f, e1〉, i = 1, 2, . . . , k1,
gi(f) := ti〈f, ej〉, i = kj−1 + 1, kj−1 + 2, . . . , kj , j ∈ N, j > 1,
where kj ∈ N, tj ∈ R, tj 6= 0, j ∈ N, and let Θ˜ be defined by (8). Then Θ˜ is
a CB-space and {gi}
∞
i=1 is a Banach frame for X with respect to Θ˜.
Proof. Let c = {ci}
∞
i=1 ∈ Θ˜, d = {di}
∞
i=1 ∈ Θ˜. Denote
c˜1 := max
(
|c1|
|t1|
,
|c2|
|t2|
, . . . ,
|ck1 |
|tk1 |
)
, d˜1 := max
(
|d1|
|t1|
,
|d2|
|t2|
, . . . ,
|dk1 |
|tk1 |
)
, (14)
c˜j := max
(
|ckj−1+1|
|tkj−1+1|
,
|ckj−1+2|
|tkj−1+2|
, . . . ,
|ckj |
|tkj
|
)
, j ∈ N, j > 1, (15)
d˜j := max
(
|dkj−1+1|
|tkj−1+1|
,
|dkj−1+2|
|tkj−1+2|
, . . . ,
|dkj |
|tkj |
)
, j ∈ N, j > 1. (16)
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Fix f ∈ M c and h ∈ Md. By (7), |ci| ≤ |gi(f)| and |di| ≤ |gi(h)|, i ∈ N.
Therefore,
c˜i ≤ |〈f, ei〉| and d˜i ≤ |〈h, ei〉|, i ∈ N. (17)
Let us find rf,h ∈M c+d such that ‖rf,h‖ ≤ ‖f‖+ ‖h‖. Consider
rf,h := m1e1 +m2e2 +m3e3 +m4e4 + . . . ,
where
m1 = max
(
|c1 + d1|
|t1|
,
|c2 + d2|
|t2|
, . . . ,
|ck1 + dk1 |
|tk1 |
)
, (18)
mj = max
(
|ckj−1+1 + dkj−1+1|
|tkj−1+1|
,
|ckj−1+2 + dkj−1+2|
|tkj−1+2|
, . . . ,
|ckj + dkj |
|tkj |
)
,(19)
for j ∈ N, j > 1. By (17), {c˜i}
∞
i=1 ∈ ℓ
2 and {d˜i}
∞
i=1 ∈ ℓ
2. Since mi ≤ c˜i + d˜i,
i ∈ N, it follows that {mi}
∞
i=1 ∈ ℓ
2 and hence, rf,h ∈ X. It is clear that
|ci + di| ≤ tim1 = ti〈r
f,h, e1〉 = gi(r
f,h), i = 1, 2, . . . , k1,
|ci + di| ≤ timj = ti〈r
f,h, ej〉 = gi(r
f,h), i = kj−1 + 1, kj−1 + 2, . . . , kj ,
for j ∈ N, j > 1. Therefore, rf,h∈M c+d. Using the facts that mj ≤ c˜j + d˜j ,
ℓ2 is solid and (17) holds, we obtain that
‖rf,h‖ = ‖{m1,m2,m3, . . .}‖ℓ2
≤ ‖{c˜1 + d˜1, c˜2 + d˜2, c˜3 + d˜3, . . .}‖ℓ2
≤ ‖{c˜1, c˜2, c˜3, . . .}‖ℓ2 + ‖{d˜1, d˜2, d˜3, . . .}‖ℓ2
≤ ‖{|〈f, ei〉|}
∞
i=1‖ℓ2 + ‖{|〈h, ei〉|}
∞
i=1‖ℓ2 = ‖f‖+ ‖h‖.
Therefore, (A1) is fulfilled.
Let us now prove that (A3) is fulfilled. Consider f∈X and take arbitrary
f˜ ∈ M{gi(f)}
∞
i=1 , i.e. |gi(f)| ≤ |gi(f˜)|, i ∈ N, and hence |〈f, ei〉| ≤ |〈f˜ , ei〉|,
i ∈ N. Then
‖f‖2 =
∞∑
i=1
|〈f, ei〉|
2 ≤
∞∑
i=1
|〈f˜ , ei〉|
2 = ‖f˜‖2s.
Therefore (A3) holds with As = 1.
Consider now c = {ci}
∞
i=1 ∈ Θ˜. Then {c˜i}
∞
i=1 ∈ ℓ
2. Fix ε > 0 and find
p∈N, p > 1, such that
∑∞
i=p c˜
2
i < ε. Define
{bi}
∞
i=1 := {0, . . . , 0︸ ︷︷ ︸
p−1
, c˜p, c˜p+1, c˜p+2, . . .}.
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Since {bi}
∞
i=1 ∈ ℓ
2, there exists h ∈ X such that bi = 〈h, ei〉, i ∈ N, and
‖h‖2 =
∑∞
i=1 |bi|
2 =
∑∞
i=p c˜
2
i < ε. Take k := kp−1 and recall,
c(k) = {0, . . . , 0︸ ︷︷ ︸
kp−1
, ckp−1+1, ckp−1+2, . . . , ckp , ckp+1, . . .}.
Thus we have
|c
(k)
i | = 0 ≤ |gi(h)|, i = 1, 2, . . . , kp−1,
|c
(k)
i | ≤ c˜p+n = bp+n = 〈h, ep+n〉 = gi(h), i = kp+n−1 + 1, . . . , kp+n, n ∈ N0,
which implies that h ∈M c
(k)
. Since ‖h‖2 < ε, it follows that (A2) is fulfilled.
Now Theorem 3.1 implies that Θ˜ is a CB-space and {gi}
∞
i=1 is a Θ˜-frame
for X.
It remains to prove the existence of a Banach-frame operator. Let us
denote the canonical basis for Θ˜ by zi, i ∈ N. Consider
{fi}
∞
i=1 := {
1
t1
e1, 0, . . . , 0︸ ︷︷ ︸
k1−1
,
1
tk1+1
e2, 0, . . . , 0︸ ︷︷ ︸
k2−1
,
1
tk2+1
e3, 0, . . . , 0︸ ︷︷ ︸
k3−1
, . . . .} (20)
Define V on {zi}
∞
i=1 by V zi := fi, i ∈ N. Our aim is to prove that V
is bounded on {zi}
∞
i=1 and then to consider the extension of V on Θ˜ by
linearity and continuity. Let us first prove that ‖|zi‖|eΘ = 1/‖gi‖
∗, i ∈ N.
Define
hi(f) :=
1
ti
e1, i = 1, 2, . . . , k1, (21)
hi(f) :=
1
ti
ej , i = kj−1 + 1, kj−1 + 2, . . . , kj , j ∈ N, j > 1. (22)
Fix i ∈ N and note that h ∈ Mzi if and only if 1 ≤ |gi(h)|. Thus, the
elements h ∈Mzi should satisfy the inequality ‖h‖ ≥ 1‖gi‖∗ . Since hi ∈M
zi
and ‖hi‖ =
1
‖gi‖∗
, it follows that
‖|zi‖|eΘ = inf{‖h‖X : h ∈ X, 1 ≤ |gi(h)|} =
1
‖gi‖∗
.
Therefore,
‖V zi‖ = ‖fi‖ ≤
1
‖gi‖∗
= ‖|zi‖|eΘ, i ∈ N,
which implies that V is bounded on {zi}
∞
i=1. Since Θ˜ is CB, extend V on
Θ˜ by linearity and continuity. For every f ∈ X we have {gi(f)}
∞
i=1 ∈ Θ˜ and
10
V ({gi(f)}
∞
i=1 = V (
∑∞
i=1 gi(f)zi) =
∑∞
i=1 gi(f)fi = f , which concludes the
proof that {gi}
∞
i=1 is a Banach frame for X with respect to Θ˜. ✷
The sequences {g1i } and {g
2
i } from Example 1.1 give series expansion.
These sequences are neither Hilbert frames, nor Hilbert Bessel sequences.
Thus the existence of the series expansions do not follow neither from the
Hilbert frame expansions, nor from [24, Proposition 4.7] (which applies to
Bessel sequences). Note that Proposition 4.1 applies to {g1i } and {g
2
i } -
these two sequences are Banach frames with respect to the corresponding
space Θ˜, given by (8), and Θ˜ is CB.
5 Construction of ΘF and a class of F -frames
In the next theorem we extend the construction of Θ˜ of Theorem 3.1 to the
construction of ΘF = ∩s∈N0Θs. The proof goes in the same way as in [24,
Theorem 4.8], applying Theorem 3.1 to X = Xs and {gi|Xs}
∞
i=1.
Theorem 5.1 Let {Xs}s∈N0 be a sequence of reflexive Banach spaces which
satisfies (2)-(4) and let {gi}
∞
i=1∈ (X
∗)N \ {0}. For every s∈N0 and every
scalar sequence c = {ci}
∞
i=1, let M
c
s be given by (9) and define
Θs := {c = {ci}
∞
i=1 : M
c
s 6= ∅} , ‖|c‖|s := inf {‖f‖s : f ∈M
c
s} . (23)
Assume that (As1) holds for every s ∈ N0. Then (P1)− (P3) hold.
Direct consequences of Theorem 5.1 are given in the next corollary.
Corollary 5.2 Let the assumptions of Theorem 5.1 hold. Then the follow-
ing holds.
(a) If (As1) and (A
s
2) are satisfied for every s ∈ N0, then {Θs}s∈N0 is a
sequence of solid CB-spaces with the properties (2)-(4) such that {gi|XF }
∞
i=1
is an F -Bessel sequence for XF with respect to ΘF .
(b) If (As1), (A
s
2) and (A
s
3) are satisfied for every s ∈ N0, then {gi|XF }
∞
i=1
is a pre-F -frame for XF with respect to ΘF .
The next proposition generalizes [24, Proposition 4.10]. With this we
construct a class of F -frames.
Proposition 5.3 Let (X0, 〈·, ·〉0) be a Hilbert space and let {ei}
∞
i=1 denote
an orthonormal basis for X0. For given number sequences {ai,s}
∞
i=1, s∈N,
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with 1 ≤ ai,s ≤ ai,s+1, i∈N, s∈N, define
Xs :=
{
f ∈ X0 : {ai,s〈f, ei〉0}
∞
i=1 ∈ ℓ
2
}
, 〈f, h〉s :=
∞∑
i=1
a2i,s〈f, ei〉0 〈ei, h〉0.
Let Θ = ℓ2 and {gi}
∞
i=1∈(X
∗
0 )
N be defined by
gi(f) := ti〈f, e1〉0, i = 1, 2, . . . , k1,
gi(f) := ti〈f, ej〉0, i = kj−1 + 1, kj−1 + 2, . . . , kj , j ∈ N, j > 1,
where kj ∈ N, tj ∈ R, tj 6= 0, j ∈ N. Then {Xs}s∈N0 is a sequence of Hilbert
spaces, which satisfies (2)-(4); {Θs}s∈N0 , constructed by (23), is a sequence
of CB-spaces, which satisfies (2)-(4) and {gi|XF }
∞
i=1 is a tight F -frame for
XF with respect to ΘF .
Proof. In the same way as in [24, Proposition 4.10], it is not difficult to
see that {Xs}s∈N0 is a sequence of Hilbert spaces, which satisfies (2)-(4) and
such that for every s ∈ N, the sequence {ei/ai,s}
∞
i=1 is an orthonormal basis
for Xs. Denote zi,s := ei/ai,s, i ∈ N, s ∈ N
Let us now show that (As1) is fulfilled. Take c∈Θs, d∈Θs, f∈M
c
s , h∈M
d
s .
Define c˜i, d˜i, i ∈ N, by (14)-(16). By (9), |ci| ≤ |gi(f)| and |di| ≤ |gi(h)|,
i ∈ N. Therefore, |c˜i| ≤ |〈f, ei〉0|, i∈N, and
∞∑
i=1
a2i,sc˜
2
i ≤
∞∑
i=1
a2i,s|〈f, ei〉0|
2 =
∞∑
i=1
|〈f, zi〉s|
2 = ||f ||2s <∞,
which implies that
∞∑
i=1
a2i,sc˜
2
i+1 <∞; similarly,
∞∑
i=1
a2i,sd˜
2
i+1 <∞. (24)
Let us find rf,h ∈M c+ds such that ‖r
f,h‖s ≤ ‖f‖s + ‖h‖s. Consider
rf,h := m1e1 +m2e2 +m3e3 +m4e4 + . . . ,
where mi, i ∈ N, are given by (18) and (19). Since mi ≤ c˜i+ d˜i, (24) implies
that {miai,s}
∞
i=1 ∈ ℓ
2 and hence, the element
rf,h := m1a1,sz1 +m2a2,sz2 +m3a3,sz3 + . . . (25)
belongs to Xs.
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By definition, we have
〈f, zi〉s = ai,s 〈f, ei〉0, f ∈ Xs, i ∈ N. (26)
Now it is clear that for i = 1, 2, . . . , k1,
|ci + di| ≤ tim1 =
ti
a1,s
〈rf,h, z1〉s = ti 〈r
f,h, e1〉0 = gi(r
f,h),
and for i = kj−1 + 1, kj−1 + 2, . . . , kj , j ∈ N, j > 1,
|ci + di| ≤ timj =
ti
aj,s
〈rf,h, zj〉s = ti 〈r
f,h, ej〉0 = gi(r
f,h).
This implies that rf,h ∈M c+d. In a similar way as in Proposition 4.1 we
obtain that
‖rf,h‖s = ‖{m1a1,s,m2a2,s,m3a3,s, . . .}‖ℓ2
≤
∥∥∥{a1,sc˜1 + a1,sd˜1, a2,sc˜2 + a2,sd˜2, a3,sc˜3 + a3,sd˜3, . . .}∥∥∥
ℓ2
≤ ‖{a1,sc˜1, a2,sc˜2, a3,sc˜3, . . .}‖ℓ2
+
∥∥∥{a1,sd˜1, a2,sd˜2, a3,sd˜3, . . .}∥∥∥
ℓ2
≤
∥∥{ai,s〈f, ei〉0}∞i=1∥∥ℓ2 + ∥∥{ai,s〈h, ei〉0}∞i=1∥∥ℓ2
= ‖{〈f, zi〉s}
∞
i=1‖ℓ2 + ‖{〈h, zi〉s}
∞
i=1‖ℓ2 = ‖f‖s + ‖h‖s.
Let us now prove that (As3) is fulfilled. Consider f∈Xs and take arbitrary
f˜ ∈ M
{gi(f)}
∞
i=1
s , i.e. |gi(f)| ≤ |gi(f˜)|, i ∈ N, and hence |〈f, ei〉0| ≤ |〈f˜ , ei〉0|,
i ∈ N. Using (26), we obtain
‖f‖2s =
∞∑
i=1
a2i,s |〈f, ei〉0|
2 ≤
∞∑
i=1
a2i,s |〈f˜ , ei〉0|
2 = ‖f˜‖2s.
Therefore (As3) holds with As = 1.
Take now c = {c1, c2, c3, . . .} ∈ Θs. Fix ε > 0 and by (24), find p ∈ N,
p > 1, such that
∑∞
i=k a
2
i,sc˜
2
i < ε. Define
{bi}
∞
i=1 := {0, . . . , 0︸ ︷︷ ︸
p−1
, ap,sc˜p, ap+1,sc˜p+1, ap+2,sc˜p+2, . . .}.
Since {bi}
∞
i=1 ∈ ℓ
2, there exists h∈Xs such that bi = 〈h, zi〉s, i ∈ N, and
‖h‖2s =
∑∞
i=1 |bi|
2 =
∑∞
i=p a
2
i,sc˜
2
i < ε. Take k := kp−1 and recall,
c(k) = {0, . . . , 0︸ ︷︷ ︸
kp−1
, ckp−1+1, ckp−1+2, . . . , ckp , ckp+1, . . .}.
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Thus, for i = 1, 2, . . . , kp−1,
|c
(k)
i | = 0 ≤ |gi(h)|
and for i = kp+n−1 + 1, . . . , kp+n, n ∈ N0,
|c
(k)
i | ≤ c˜p+n =
bp+n
ap+1,s
=
〈h, zp+n〉s
ap+n,s
= 〈h, ep+n〉0 = gi(h).
This implies that h ∈M c
(k)
s . Since ‖h‖
2 < ε, it follows that (As2) is fulfilled.
Now Corollary 5.2 implies that {gi|XF }
∞
i=1 is a tight pre-F -frame for XF
with respect to ΘF .
It remains to prove the existence of an F -frame operator. Denote the
canonical vectors by zi, i ∈ N, and note that they form a basis for ΘF in the
sense that every {ci}
∞
i=1 ∈ ΘF cab be written as {ci}
∞
i=1 =
∑∞
i=1 cizi with
the convergence in Θs-norm for every s ∈ N0. Let {fi}
∞
i=1 and {hi}
∞
i=1 be
given by (20)-(22). Note that fi ∈ XF , hi ∈ XF , i ∈ N. Define V on {zi}
∞
i=1
by V zi := fi, i ∈ N. Our aim is to prove that for every s ∈ N0, V is s-
bounded on {zi}
∞
i=1. Fix s ∈ N0. Let us first prove that ‖|zi‖|s = 1/‖gi|Xs‖
∗
s,
i ∈ N. Fix i ∈ N and note that h ∈ Mzis if and only if 1 ≤ |gi(h)|. Thus,
the elements h ∈ Mzis should satisfy the inequality ‖h‖s ≥
1
‖gi|Xs‖
∗
s
. Since
hi ∈M
zi
s and ‖hi‖s =
1
‖gi|Xs‖
∗
s
, it follows that
‖|zi‖|s = inf{‖h‖s : h ∈ Xs, 1 ≤ |gi(h)|} =
1
‖gi|Xs‖
∗
s
.
Therefore,
‖V zi‖s = ‖fi‖s ≤
1
‖gi|Xs‖
∗
s
= ‖|zi‖|s, i ∈ N,
which implies that V is s-bounded on {zi}
∞
i=1. Let Vs : Θs → Xs denote the
extension of V on Θs by linearity and continuity. Note that V0|ΘF = Vs|ΘF ,
s ∈ N. For every c = {ci}
∞
i=1 ∈ ΘF , the sequence {
∑n
i=1 cifi}
∞
n=1 converges
inXs-norm (to Vsc) for every s ∈ N0. Thus, {
∑n
i=1 cifi}
∞
n=1 converges inXF .
Therefore, V0|ΘF is an F -bounded operator from ΘF into XF . Let s ∈ N0.
For every f ∈ XF ,
∑n
i=1 gi(f)fi → f in ‖ · ‖s-norm and
∑n
i=1 gi(f)fi =
Vs(
∑n
i=1 gi(f)zi) → Vs({gi(f)}
∞
i=1) in ‖ · ‖s-norm as n → ∞. Since this
holds for every s ∈ N, we have that V0|ΘF ({gi(f)}
∞
i=1) = f , f ∈ XF . This
concludes the proof that V0|ΘF is an F -frame operator for {gi}
∞
i=1. ✷
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